We give congruences between the Eisenstein series and a cusp form in the cases of Siegel modular forms and Hermitian modular forms. We should emphasize that there is a relation between the existence of a prime dividing the k − 1-th generalized Bernoulli number and the existence of non-trivial Hermitian cusp forms of weight k. We will conclude by giving numerical examples for each case.
Introduction
As is well known, Ramanujan's congruence asserts that σ 11 (n) ≡ τ (n) mod 691, where σ k (n) is the sum of k-th powers of the divisors of n and τ (n) is the n-th Fourier coefficient of Ramanujan's ∆ function. It should be noted that σ 11 (n) is the n-th Fourier coefficient of the elliptic Eisenstein series of weight 12 for n ≥ 1. We can regard this congruence in two ways: (I) Congruences between Hecke eigenvalues of two eigenforms. (II) Congruences between Fourier coefficients of two modular forms. There are many studies on (I) related to congruence primes in the case of modular forms with several variables. For example, see [2, 11, 12, 13, 16, 17, 18] . On the other hand, it seems that studies on (II) are little known. However, Bringmann-Heim [3] studied some congruences between Fourier coefficients of two Jacobi forms. These properties essentially give congruences for Fourier coefficients of two Siegel modular forms of degree 2.
In the present paper, we study congruences for Siegel modular forms and for Hermitian modular forms in the sense of (II) in a way different from that of Bringmann-Heim. In particular, the results herein for the case of Hermitian modular forms are completely new. In addition, we should emphasize that there is a relation between the existence of a prime dividing the k −1-th generalized Bernoulli number and the existence of non-trivial Hermitian cusp forms of weight k (Theorem 2.4). We will conclude by giving numerical examples for each case.
Statement of results

The case of Siegel modular forms
Let M k (Γ n ) denote the space of Siegel modular forms of weight k for the Siegel modular group Γ n := Sp n (Z) and let S k (Γ n ) be the subspace of cusp forms. Any Siegel modular form F (Z) in M k (Γ n ) has a Fourier expansion of the form
(the lattice in Sym n (R) of half-integral, symmetric matrices), and S n is the Siegel upper-half space of degree n. For any subring R ⊂ C, we define
In this paper, we consider the degree 2 case. A typical example of Siegel modular forms is the Siegel-Eisenstein series
where k > 3 is even, and M runs over a set of representatives {( * * 02 * )} \Γ 2 . It is known that
where B m is the m-th Bernoulli number. The first main result is as follows:
Theorem 2.1. Let (p, 2k − 2) be an irregular pair. Then there exists a cusp form
Remark 2.2. Let p be a prime number. A pair (p, m) is called irregular if 1 < m < p and p|B m .
The case of Hermitian modular forms
The Hermitian upper half-space of degree n is defined by
where t Z is the transpose, complex conjugate of Z. The Siegel upper-half space S n is a subdomain of H n . Let K be an imaginary quadratic number field with discriminant d K and ring of integers
Define a character ν k on U n (O K ) as follows:
We denote by M k (U n (O K ), ν k ) the space of Hermitian modular forms of weight k and character ν k with respect to U n (O K ). Namely, it consists of holomorphic functions F : H n −→ C satisfying
where Φ is the Siegel Φ-operator. If the class number of K is 1, this condition is equivalent to
, then F has a Fourier expansion of the form
Let R be a subring of C. As in the case of Siegel modular forms, we define
We consider the Hermitian Eisenstein series of degree 2
where k > 4 is even and M runs over a set of representatives of {( * * 02 * )} \U 2 (O K ). Then we have
Moreover,
is constructed by the Maass lift ([15]).
We set
where B m,χK is the generalized Bernoulli number with respect to the Kronecker character χ K of K.
In this paper, we treat only the case that the class number of K is one. 
Remark 2.6. (1) It is known that there are non-trivial cusp forms of weight 10 and 12.
(2) As introduced by Hao-Parry [9, 10] , the prime p satisfying condition (B) is related to the divisibility by p of the class number of a certain algebraic number field.
3 Proof of theorems
Proof of Theorem 2.1
We start with proving that
Proof. Since the proof is same as in the case of Hermitian modular forms, we omit it. See the proof of Lemma 3.4 in § 3.2.
Proof of Theorem 2.1. We recall that the Fourier coefficients of the Eisenstein series G k are given as follows (e.g. cf. [8] ): 
We shall show that Fourier coefficients corresponding T with rank(T ) ≤ 1 vanish modulo p. Note that p| B 2k−2 2k−2 (by assumption), and
In order to complete the proof, we need to show that a G k (T ) ∈ Z (p) for all T with rank(T ) = 2. By a result of Maass [19] (cf. also Böcherer [1] ), a G k (T ) can be written in the form
where D * * 2k−2 is the denominator of B 2k−2 . By the irregularity of p, the prime p does not divide D * * 2k−2 . Therefore, we can take g = G k in Lemma 3.1. This completes the proof of Theorem 2.1.
Remark 3.2. In Theorem 2.1, we do not refer to the non-triviality of the cusp form f (compare with Theorem 2.4). It is plausible that the non-triviality holds for any prime p satisfying the assumption of Theorem 2.1. Here we give a sufficient condition (see below ( * )) for the non-triviality.
Under the same assumption as in Theorem 2.1, we assume that there exists a fundamental discriminant
2k−2 , then there exists such D 0 . However we cannot apply his result because p satisfies p|
2k−2 in our case.
Proofs of Theorem 2.4 and Corollary 2.5
In this subsection, we prove Theorem 2.4 and Corollary 2.5. Basically, the arguments are same as in the case of Siegel modular forms. First we prove Lemma 3.3. Let p be a prime satisfying condition (A) in Theorem 2.4, namely, p ∤ B 3,χK and p ∤ B 5,χK . Then we have
Proof of Lemma 3.3. The formula for the Fourier coefficient of E k,K is given by Krieg [15] and Dern [5, 6] as follows:
where ε(H) is the content of H, σ m (N ) := d|N d m and
Moreover by the assumption, we have
. Hence, the claim follows. are the normalized elliptic Eisenstein series of weight 4 and 6, respectively. Then the polynomial Q must satisfy Q = 0 in F p [X, Y ] by the result of Swinnerton-Dyer [21] . Now we consider f :
We return to the proof of Theorem 2.4.
Proof of Theorem 2.4. The Fourier coefficient of G k,K is given as follows:
where the notation is as in (3.1). From the assumption k < p − 1 and von Staudt-Clausen's theorem, we have
and p | B k−1,χ K 2k−2 . These facts imply that a G k,K (0 2 ) ≡ 0 mod p for all H and a G k,K (H) ≡ 0 mod p with rank(H) = 1. For H with rank(H) = 2, a G k,K (H) ∈ Z. Namely,
and this implies that a G k,K (H) ≡ 0 mod p for all H with det H = 0. Applying Lemma 3.4 to G k,K , there exists a cusp form such that G k,K ≡ f mod p.
In order to complete the proof of Theorem 2.4, we need to show the non-triviality of f . The proof is reduced to proving that there exists H with rank(H) = 2 which satisfies a G k,K (H) ≡ 0 mod p. First, we consider the Fourier coefficient corresponding H = 1 2 (the unit matrix of degree 2), which implies a
This shows the non-triviality of G k,K in this case. Hence, it suffices to consider the case that |d K | k−2 ≡ 1 mod p. Note that (p, |d K |) = 1 in this case. Now we prove Lemma 3.5. Assume that k − 2 < p − 1 and the prime p does not divide d K . Then there exists a prime q such that χ K (q) = −1 and q k−2 ≡ 1 mod p.
Proof of Lemma 3.5. Let α be an integer such that (Z/pZ) × = α . Applying the Chinese remainder theorem, we can find an integer a such that a ≡ α mod p and a ≡ −1 mod |d K |. It is clear that (a, p · |d K |) = 1 for such a. By Dirichlet's theorem on arithmetic progressions, there exist infinitely many primes in the sequence {a + p · |d K | · n} ∞ n=1 . We take a prime q appearing in this sequence. Then q satisfies both χ K (q) = −1 and q k−2 ≡ 1 mod p. In fact, q ≡ a ≡ α mod p, and hence q k−2 ≡ 1 mod p because k − 2 < p − 1. On the other hand, by q ≡ a ≡ −1 mod |d K |, we have χ K (q) = −1.
We return to the proof of the non-triviality of f . Note that k − 2 < p − 1 by the assumption in Theorem 2.4. By Lemma 3.5, there exists a prime q such that χ K (q) = −1 and q k−2 ≡ 1 mod p.
Considering the case H = 1 0 0 q , we have
By the choice of q, this is not 0 modulo p. This completes the proof of Theorem 2.4. 
Examples
The case of Siegel modular forms
The following are cusp forms defined by Igusa.
The case of weight 10 
The case of Hermitian modular forms
In this subsection, we introduce congruences for Hermitian modular forms. We use modular forms constructed in [14] .
(cf. [14] , Lemma 4.8 and Lemma 4.9).
The case of weight 10
where
The case of weight 12
2 mod 1847, a G12 1 0 0 2 = −60408150 ≡ 824 · (−54) = 824 · a F12 1 0 0 2 mod 1847.
We set 
